Abstract-We present an algorithm for constructing an analog of Plan's formula, which is essential in obtaining a functional relation to the classical Riemann zeta-function. The algorithm is implemented in the Maple computer algebra system.
INTRODUCTION
Among the most important problems solved by means of computer algebra are problems of computations with polynomials in one or several variables over various fields and rings (finding the greatest common divisor and exact values of roots, factorization, computing discriminants and resultants for systems of equations, Gröbner bases, etc.) [1] , as well as problems of studying systems of nonlinear algebraic equations and other systems that can be reduced to them by substitution of elementary functions. In particular, methods for elimination of unknowns from systems of polynomial equations are well developed. However, when considering various classes of nonalgebraic systems, classical elimination methods prove to be inapplicable. At the same time, investigation of these systems (including those given in parametric form) is of current importance: the corresponding theory can be applied, e.g., to describe the processes of chemical technology and combustion [2] . In this case, nonlinear equations and systems of nonlinear equations occur in mathematical modeling of heat and mass transfer in chemically active substances. Nonlinearities in equations of nonlinear and nonisothermal kinetics can have not just polynomial but also a more general form, e.g., exponential. That is why applied problems call for the development of elimination methods for systems of essentially nonlinear (transcendental) equations.
In 1977, L.A. Aizenberg proposed [3] a modified method for elimination of unknowns based on the multidimensional logarithmic residue formula; this method was further developed in [2, [4] [5] [6] . An approach to constructing an analog of the resultant for entire functions was first described in [7] . This work is aimed at the development and software implementation of an algorithm for constructing a family of analogs of Plan's formula (see Example 7, Sect. 7, in [8] ) that were originally derived by V.I. Kuzovatov and A.M. Kytmanov in [9] under severe constraints on the rational function, which were subsequently removed in [10] . This algorithm is used for the algorithmization and software implementation of functional relations on multidimensional analogs of the Riemann zeta-function, which play an important role in developing methods for elimination of unknowns from systems of nonlinear equations, as it was shown in [11] . 
Applying Plan's formula to the series [11] . They introduced the concept of a zeta function associated with a system of meromorphic functions f = in . Using the residue theory, they obtained an integral representation for the zeta function, but with severe constraints on the system of functions . In [18] , by means of the residue theory, V.I. Kuzovatov and A.A. Kytmanov obtained two integral representations for a zeta function constructed from the zeros of an entire function of finite order of growth on
a complex plane. Based on these representations, they described the continuation domain of this zeta function.
3. PROBLEM STATEMENT AND KNOWN RESULTS We now cite the results obtained in [18] . Suppose that is an entire function of the order ρ in . Consider the equation ( 2) The set of all roots of (2) (each root is counted according to its multiplicity) is denoted by . The number of roots is at most countable.
The zeta function of roots for (2) is defined as where . The negative sign in the definition of the zeta function is taken for convenience of dealing with integral formulas.
Let us write down the integral representation for the zeta function of zeros of the function f, which are given by Denote (3) and suppose that and that the following conditions hold:
To determine the convergence region of series (3), we use the Cauchy criterion. Consider [18] (for a real x) Thus, taking into account (4), for convergence of (3), it is necessary and sufficient that i.e., . Theorem 1 [18] . Suppose that conditions (4) and (5) hold, and
. Then, where is defined by (3) . Thus, the domain of convergence of the series defined by (6) is a set defined by the condition i.e., due to (4).
Substituting
, one can reduce (6) to the form or (7) where the coefficients are defined as follows:
therefore, .
Note that, in (7), an infinite number of coefficients f n does not vanish.
As , the function becomes unbounded, while being holomorphic in the unit circle. Thus, does not admit continuation to the point 1. The Fabry gap theorem [19, Par. 2.3] suggests that the coefficients of the series can be selected in such a way that the whole circumference of is its natural boundary.
Below, we consider only the classes of rational functions for which representation (7) 
where is a polynomial and N is a certain positive integer.
This means that the singular points (in this case, the first-order poles) of the function can only be the points In variables z, for , the singular points are or, which is the same, Suppose that (4) holds for . Suppose also that , i.e.,
where the coefficients due to expansion (7), . If , then, in the expression for , we can set apart its integral part that contains only a finite number of terms, which do not affect the elements of starting from a certain number. If , then the expansion contains the coefficients of the polynomial that periodically reoccur (due to geometric progression). The monomial is set apart for convenience of further computations.
Let us explicitly express the function in terms of the function : (9) Note that expression (9) is an analytic continuation of the function defined by (6) . The domain of (9) is the complex plane C, except for the singular points .
Note that, in [9] , the following condition was imposed:
, ( 1 0 ) which implies that (11) In terms of the rational function , condition (10) was equivalent to the condition In [10] , conditions (10) and (11) were removed.
To shorten the notation, we denote
Theorem 3 [10] . Suppose that and are integers and is a holomorphic function bounded on the set . Then,
This generalization of Plan's formula can be used to obtain an analog of the Binet integral representation. The latter can be used to obtain a functional relation for a zeta function of roots of entire functions from a certain class.
DESCRIPTION OF THE ALGORITHM
Note that, on the left-hand side of (12) , the values of the function at the boundary points and (according to the Plemelj-Privalov formulas) are the only values taken with the coefficient 1/2.
Clearly, is the rational function with substituted for w. Similarly, is the rational function with substituted for w. By denoting , we can write
Similarly,
]
∫ ∫ ∫ 1 (14) Thus, the functions and on the right-hand side of (12) are defined by formulas (13) and (14), respectively.
EXAMPLES
The algorithm was implemented in the Maple 2016 64-bit environment. The complete code of the program is available at https://github.com/aakytmanov /Plan_formula. Computations were carried out on 
